We prove that rcodim(X) ≥ 2 if X is a rational inner twisted flag of type An.
Introduction
A potential measure for rationality was introduced by Bernardara and Bolognesi [6] with the notion of categorical representability. We use the definition given in [1] . A klinear triangulated category T is said to be representable in dimension m if there is a semiorthogonal decomposition (see Section 3 for the definition) T = A1, ..., An and for each i = 1, ..., n there exists a smooth projective connected variety Yi with dim(Yi) ≤ m, such that Ai is equivalent to an admissible subcategory of D b (Yi). We set rdim(T ) := min{m | T is representable in dimension m}, whenever such a finite m exists. Let X be a smooth projective k-variety. One says X is representable in dimension m if D b (X) is representable in dimension m. We will use the following notations: rdim(X) := rdim(D b (X)), rcodim(X) := dim(X) − rdim(X).
Note that when the base field k of a variety X is not algebraically closed, the existence of k-rational points on X and whether X is k-rational is a major open question in arithmetic geometry. We recall the following question which was formulated in [7] :
Question. Let X be a smooth projective variety over k of dimension at least 2. Suppose X is k-rational. Do we have rcodim(X) ≥ 2 ?
There are several results suggesting that this question has a positive answer (see [1] , [2] , [7] , [15] , [16] , [17] and references therein). In this context, we prove: Theorem 1.1. Let A be a central simple k-algebra of degree n over a field of characteristic zero. We fix a sequence of integers 0 < n1 < n2 < · · · < nr < n and let X = BS(n1, ..., nr, A) be a twisted flag of dimension at least two. If X is rational over k, then rcodim(X) ≥ 2.
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Inner twisted flags of type An
Recall that a finite-dimensional k-algebra A is called central simple if it is an associative k-algebra that has no two-sided ideals other than 0 and A and if its center equals k. If the algebra A is a division algebra it is called central division algebra. Note that A is a central simple k-algebra if and only if there is a finite field extension k ⊂ L, such that A ⊗ k L ≃ Mn(L). This is also equivalent to A ⊗ kk ≃ Mn(k). An extension k ⊂ L such that A ⊗ k L ≃ Mn(L) is called splitting field for A. The degree of a central simple algebra A is defined to be deg(A) := √ dim k A. According to the Wedderburn Theorem, for any central simple k-algebra A there is an unique integer n > 0 and a division k-algebra D such that A ≃ Mn(D). The division algebra D is also central and unique up to isomorphism. The degree of the unique central division algebra D is called the index of A and is denoted by ind(A). Two central simple algebras A and B are said to be Brauer-equivalent if there are positive integers r, s such that Mr(A) ≃ Ms(B).
A Brauer-Severi variety of dimension n can also be defined as a scheme X of finite type over k such that X ⊗ k L ≃ P n for a finite field extension k ⊂ L. A field extension k ⊂ L for which X ⊗ k L ≃ P n is called splitting field of X. Clearly, k s andk are splitting fields for any Brauer-Severi variety. In fact, every Brauer-Severi variety always splits over a finite Galois extension. It follows from descent theory that X is projective, integral and smooth over k. For details we refer to [3] and [10] .
To a central simple k-algebra A one can also associate twisted forms of Grassmannians. Let A be of degree n and 1 ≤ d ≤ n. Consider the subset of Grass k (d · n, A) consisting of those subspaces of A that are left ideals I of dimension d · n. This subset can be given the structure of a projective variety which turns out to be a generalized Brauer-Severi variety. It is denoted by BS(d, A). After base change to some splitting field L of A the variety BS(d, A) becomes isomorphic to GrassL(d, n). If d = 1 the generalized Brauer-Severi variety is the Brauer-Severi variety associated to A. For details see [9] .
We also recall the basics of generalized Brauer-Severi schemes (see [14] ). Let X be a noetherian k-scheme and A a sheaf of Azumaya algebras of rank n 2 over X (see [11] , [12] for details on Azumaya algebras). For an integer 1 ≤ n1 < n the generalized Brauer-Severi scheme p : BS(n1, A) → X is defined as the scheme representing the functor F : Sch/X → Sets, where (ψ : Y → X) is mapped to the set of left ideals J of ψ * A such that ψ * A/J is locally free of rank n(n − n1). By definition, there is anétale covering U → X and a locally free sheaf E of rank n with the following trivializing diagram:
In the same way one defines the twisted relative flag BS(n1, ..., nr, A) as the scheme representing the functor F : Sch/X → Sets, where (ψ : Y → X) is mapped to the set of left ideals J1 ⊂ ... ⊂ Jr of ψ * A such that ψ * A/Ji is locally free of rank n(n − ni). As for the generalized Brauer-Severi schemes, there is anétale covering U → X and a locally free sheaf E of rank n with diagram
Note that the usual Brauer-Severi schemes are obtained from the generalized one by setting n1 = 1. In this case one has a well known one-to-one correspondence between sheaves of Azumaya algebras of rank n 2 on X and Brauer-Severi schemes of relative dimension n − 1 viaȞ 1 (Xet, PGLn) (see [11] ). Note that if the base scheme X is a point a sheaf of Azumaya algebras on X is a central simple k-algebra and the generalized Brauer-Severi schemes are the generalized Brauer-Severi varieties from above. Consider a twisted flag X = SB(n1, ..., nr, A) → Spec(k). Such an X is an inner form of a partial flag variety. That is, there is a cartesian square of the form GrassL(n1, ..., nr, V ) where L/k is a Galois extension and the 1-cocycle Gal(L/k) → Aut(GrassL(n1, ..., nr, V )) factors through PGL(V ).
Semiorthogonal decompositions
Let D be a triangulated category and C a triangulated subcategory. The subcategory C is called thick if it is closed under isomorphisms and direct summands. For a subset A of objects of D we denote by A the smallest full thick subcategory of D containing the elements of A. For a smooth projective variety X over k, we denote by D b (X) the bounded derived category of coherent sheaves on X. Moreover, if B is an associated k-algebra, we write D b (B) for the bounded derived category of finitely generated left B-modules. 
]) = 0 for r = 0. By generalized exceptional object, we mean A-exceptional for some division algebra A over k.
Recall that a full thick triangulated subcategory D of D b (X) is called admissible if the inclusion D ֒→ D b (X) has a left and right adjoint functor. Proof. On a relative flag Grass(n1, ..., nr, E ) one has tautological subbundles sitting in the following sequence 0 −→ R1 −→ · · · −→ Rr −→ q * E −→ T1 −→ · · · −→ Tr −→ 0.
In our case E is a k-vector space of dimension n denoted by V . Recall that X = BS(n1, ..., nr, A) is the inner twisted flag obtained from Grass(n1, ..., nr, V ) by descent. Denote by α(1), ..., α(r) partitions of the forms (α1, ..., α l 1 ), (α1, ..., α l 2 ), ..., (α1, ..., α lr ),
Then the sheaf (S α(1) R1 ⊗ · · · ⊗ S α(r) Rr) ⊕n·|α| descents to a sheaf Jα on X (see [14] , Section 4). As in the case of generalized Brauer-Severi varieties, one can show that End(Jα) is Brauer-equivalent to A ⊗|α| . Note that D b (End(Jα)) is equivalent to D b (A ⊗|α| ) by Morita equivalence. Now it is proved in [4] that the subcategories Jα ≃ D b (End(Jα)) form a semiorthogonal decomposition. Proof. The function αx 2 − x − 1 is strictly monotonically increasing for x > 1/2α and has its positive root at (1/2α) · (1 + √ 1 + 4α) which is < 2 for all α ≥ 1.
Proof. (of Theorem 1.1) Recall the well known fact that X(k) = ∅ iff ind(A) | d, where d = gcd(n, n1, ..., nr) denotes the greatest common divisor. So if X is k-rational, it has a k-rational point and therefore ind(A) | d. Now let n = b · ind(A) and ni = bi · ind(A) for i = 1, ..., r. Then b, b1, ..., br are positive integers satisfying 0 < b1 < b2 < · · · < br < b. This implies that a ≥ 1 for It remains to consider the case ind(A) = 1. In this case the inner twisted flag X is split, i.e. is isomorphic to Flag k (n1, ..., nr, V ), where V is a n-dimensional k-vector space. From Kapranov [13] , we know that X admits a full exceptional collection. But then rdim(X) = 0 according to [1] , Proposition 6.1.6 and hence rcodim(X) ≥ 2.
Remark 4.4. If the inner twisted flag X from Theorem 1.1 is of dimension one, it is actually a Brauer-Severi curve. In this case [15] shows that rationality of X is equivalent to rdim(X) = 0. Hence rcodim(X) = 1. This is one reason why the question in the introduction assumes dim(X) ≥ 2.
